Introduction
Let X be a compact Kahler manifold and V a Killing vector field on X with respect to a Kahler metric on X. Let Z be the zero set of V which is a complex submanifold of X (cf. [12] ). Suppose that Z is nonempty and let Z n , a' = l, •••, m, be the connected components of Z.
Then in [8] 
(Y) denotes the i-th Betti number of Y, In particular if x denotes the Euler characteristic, then -we have % (X) =
T] % (Z a ) . The main purpose of this paper is to sharpen this result in a the following form. Note that the result of Kosniowski is more general in that it applies also to general compact complex manifolds for a certain class of V. For a precise description of k a in the above theorem and corollary, see (3. 5) .
Theorem. Let X, V and Z=
The organization of this paper is as follows. First in Section 1 we reduce the problem in the usual way to that of fixed points of an action of an algebraic torus (C'*) fc on X, as well as obtain some lemmas which are needed in the sequel. Then in Section 2 we consider the case & -1, and following Bialynicki-Birula [1] we study the decomposition, X= U X a , of X a into a finite number of C*-invariant locally closed submanifolds X a .
(This takes the place of Frankel's Morse theoretic argument.) The point here is that X a are locall}^ closed in the Zariski topology of X (Theorem 2. 2), which is due to Bialynicki-Birula when X is projective. In fact, this enables us to apply the Hodge theory developped by Deligne in [7] to our problem in Section 3. Combining the result thus obtained with the inequality of Conner (Corollary 1. 7) we then prove Theorem. Since what we need from Hodge theory (Lemmas 3. 1, 3. 2) does not seem explicit in the literature, we give proofs to these in a separate note [10] .
In this paper all the complex spaces are assumed to be reduced. § 1. Some Lemmas Let X be complex space and G a connected complex Lie group acting biholomorphically on X. Thus we have a morphism (j:GxX-*X with ff(Qi,ff (g t , x) ) = 0" (QiQ 2 , x) , g t e G, x <E X and ff (e, x) = x,e being the identity of G. We often write gx for ff (g,jc) . The set of fixed points, or the fixed point set, of G on X is the set F = {xEEX; gx = x for all g eG}. This is an analytic subset of X. Let x^F be a fixed point and T r the Zariski tangent space of X at x. Let p x :G-+GL(T x ) be the isotropy representation of G on T x , where GL(T X ) is the group of all invertible linear transformations of T f .
The following lemma and the ensuing corollary are wellknown.
Lemma I. 1. Suppose that G is reductive. Then there exists a neighborhood U of x in X (resp. V of the origin in T x ) and a Gequivariant embedding <//: U-*V (i.e. for every pair (g, x) ^GxU -with , zve get that (p(gx) =p x (g)<J>(x)).
Proof. Let K be any maximal compact subgroup of G. Then there is a X-equivariant embedding 0: U->V with U and V as in the lemma (cf. Kaup [11, Satz 4. 4] ). Since G is the complexification of K, ([) must also be G-equivariant in the sense mentioned above.
Q.E.D.
Corollary 1. 2. If X is non singular, then F is a complex submanifold of X.
Proof. Take an arbitrary point x^F. It is enough to show that for the neighborhood U of x in the above lemma U(~}F is nonsingular.
Then the problem is reduced to the case where U is a neighborhood of the origin of a vector space V on which G acts linearly. Let V 0 be the maximal subspace of V on which G acts trivially. Then since G is reductive, we can find a G-invariant subspace V\ of V with a G-isomorphism V^V^VQ. Then it is clear that UnF=UHV Q and hence is nonsingular.
We consider the case G=C* in Lemma 1. (1) a, (t, ( Zl , • • • , z n ) ) = (/"*" -, <»•«") .
We shall identify U with a subspace of V by (f) so that the action on U is induced from (1) by the inclusion. Then F 0 U is the intersection of (resp. <0, =0)}. We call the action positive (resp. negative) at x if 1=1+ (resp. /_) and semipositive (resp. seminegative) if /_ (resp. /+) = 0. We define T^ = T^(x) (resp. T_ = T_ (x), T 0 = T 0 (x)) by *i = 0, f$7+ (resp. I_,I 0 )}.
Lemma 1. 3» 1) Tjf the action is not semipositive (resp. seminegative) at x, then dim* X fl T_ (resp. dim^ Xr\ T+) >0. 2) If the action is semipositive (resp. seminegative) and not positive (resp. negative) at x, then dim* Proof. 1) Suppose that the action is not semipositive at x i.e. T_ If dim* X fl T_ -0, then the natural C* equivariant projection TT: T X -^T+@T 0 with kernel T"_ is finite at ;r when restricted to X. From this we infer readily that the action is semipositive at x, which is a contradiction. Hence dim^ XT! T_>0.
The non-seminegative case can be treated in the same way. 2) Suppose that the action is semipositive and not positive at x i.e. T_ = {0} and T 0 =£{0}. Then for any y^T 0) X y = (y-f-T.,) OX is invariant under the action, where y-f 7\ is the translation of T+ by y. Further if it is not empty, then {y} X {0} ^X y and in fact, as follows from (1) , it coincides with the fixed point set on X y . Hence if dim r .F=0, then X y = <f> for all y=£0 sufficiently near to 0 so that we have X^T+ at x and hence T* 0 = {0}, which is a contradiction. Thus dinLp -F^>0. The other case can be treated in the same way.
Let -X" be a compact complex manifold. Then the group Aut X of biholomorphic automorphisms of X has the natural structure of a complex Lie group acting biholomorphically on X. (cf. [12, III. 1.1]). Put G = Aut X and let © be the Lie algebra of G, naturally identified with the space of holomorphic vector fields on X. Suppose now that X is a Kahler manifold with the associated positive real (1,1) -form to on X. Let 8 -{Fe©;zero(V)^0}. Then 8 forms a Lie subalgebra of G (cf. [9, Prop. 6.8] ). Let L be the connected Lie subgroup of G corresponding to 8, K' the group of all isometrics of X (considering X as a Riemannian manifold with metric g corresponding to to) , and K the identity component of K f . Then K' has the natural structure of a real compact Lie group, and its Lie algebra, $, is identified with the set of Killing vector fields on X with respect to g. Let J be the tensor field of type (1, 1) on X giving the complex structure of X. Then by a theorem of Yano [12, III. 4. 3] for any V^$ the complex vector field a(V) of type (1,0) defined by a'(V) = V-v-1JV is holomorphic. Hence a, defines an injective map a: $£->©. Considering this as identification we may regard R (resp. K) as a real Lie subalgebra (resp. subgroup) of ® (resp. G). Let ^0 = $HS, which is the Lie algebra of K Q = KC\L. Let V = a(V) = V-V -IJV be the holomorphic vector field associated with a Killing vector field V on a compact Kahler manifold X as above. Following Carrell and Lieberman [6] we consider the Koszul complex 0 ->$!-» associated with V, where the differential is given by the contraction iy
Then the hypercohomology of the complex K' x gives rise to the following two spectral sequences
As was shown in the proof of Theorem 1 in [6] the second spectral sequence degenerates. Hence for every integer m we have the inequality
q-p=m p+q=m
Let Z-zero V ( = zero V) be the zero set of V. We shall show that That X* is analytic will be shown in Proposition 2. S using the Doua- Then from the above assertion we conclude easily that there is a unique irreducible component B a of B such that for every u^ U, B^ 0 f~l (u) Then we want to study the structure of fibers of f subject to the condition (A) . To describe these we introduce some terminology. Let C 0 be a compact irreducible and simply connected rational curve. Suppose that C* acts on C 0 biholomorphically and meromorphieally and that the action is nonlrivial. Then C (J , as a simply connected compactification of C*, has exactly two fixed points which may naturally be called 0 and oo;0 -Q(x) and oo = oo (x) for any x=^Q, oo. Next let C be a compact connected curve whose irreducible components are simply connected rational curves. Suppose that C* acts on C biholomorphically and meromorphically and that the action is nontrivial on each irreducible component.
Suppose further that there is a numbering, C l9 "- 9 
) Let C\(t), •-,Cq. t (t) be the canonically numbered irreducible components of a connected component O(t) (which is linear by 1)) of f~l(f), t(=T, and Oj, (£) and oo {, (t) the corresponding fixed points on C\ (t). Then B Q 0 O (f) = 0{ (t)
and BOO H C* (f) = ooj. £ (t). In particular B 0 H B^ = 0. on it the two canonical fixed points 0^ and OO A . We first note that for any fixed point b^B the C* action at b is neither positive nor negative.
In fact, if it is positive (resp. negative), then as follows from (1) in Section 1 for all #eZ near b we must have b = 0(z) (resp. 00 (2)). This is impos-
Next let O^C, be such that O^C y for any V=f=fJL. We show that the given C* action is semipositive at such a 0^. In fact if it is not the case, then by Lemma Thus for the lemma it suffices to show the existence of E t as above.
We put E^ -B^. Then noting that f satisfies the condition of Lemma to /^., we get that Q^t) ( Q.E.D.
Our next aim is to show that f a in the above proposition satisfy the condition (A) so that Lemma 2. 7 is applicable to f a . First we introduce some terminology. Let f\ Z->T and B be as in Lemma 2. (z q ) ) . Note that the above definitions also make sense on any compact complex space X on which C* acts biholomorphically and meromorphically.
Lemma 2» 9 0 Let f: Z->T and B be as in Lemma 2. 3. Suppose that f is flat and the general fiber of f is irreducible. Let t^T be any point. 1) If a connected component of f~l(t) is not simply connected, there is a sequence of points (z l7 "',z^) of f~~l(t) -which generates a cycle. 2) Suppose that f~l(f) is simply connected. Then for any couple of points b ly b z^B contained in one and the same connected components of f~l(t), there is a sequence (z l9 "-9 z q ) of points of f~~l(t) generating a linear curve such that {b l9 b 2 } = {0(z^, oo (z q )}.
Proof. Taking a base change as in the proof of Lemma 2. 5 and using the flatness of f we reduce the problem to the case where T is a 1-dimensional disc S and t is the origin 0 of S. Let ?i: Z-»Z be the normalization of Z and f=fn: Z-^S the induced morphism. There is a natural lifting of the C* action to Z compatible with f. Since the singular locus of Z is isolated, restricting S if necessary, we may assume that /is smooth over S' = S-{0} 9 
=f(E i ) .
Then we show that fi also satisfies the condition (A). A2) Since every fiber /7" 1 (/) , £ EE T's, is a union of irreducible components of fa l (£), it follows that the connected components of f^1 (t) are also linear and hence in particular simply connected. Al) then follows from Lemma 2. 4. Finally using the linearity of the connected components of f t and Proposition 2. 10 the proof of A3) is obtained in the same way as the proof of A3) for f a above, since <p a (Bt) is contained in one and the same F$ for some /?. Thus f a satisfies Al).
We shall show A2). Suppose that Bj H B a =£0, Bj=£B a , for some j and o) = 0 or oo. We assume that dO^O, since the other case can be treated similarly. Remark 2. 1. As was mentioned above, when X is projective. the theorem is due to Bialynicki-Birula [1] . More generally he showed that the theorem is also true when X is a complete nonsingular algebraic variety. In fact, by Sumihiro [16, Cor. 2] for every point x^Xwo, can then take a C* invariant affine open neighborhood of x in X, and hence his assumption that X can be covered by C* invariant quasi-affine open subsets is now superfluous. As will be clear from the proof this remark applies also to Theorem 3. 3 below so that it holds true also for complete nonsingular algebraic varieties. In particular h p ' q (X) = 0 for \p -g|>dim F 9 which is a special case of a theorem of Carrell and Lieberman [6] . Note that by Remark 1. 2 we can dispense with the arguments of [6] for the proof of Corollary 1. 7 which will be used in the proof of the theorem. On the various choices of A a in the above theorem see (3. 5) below.
The following lemma reduces the problem to the case of a C* action (See also (3. 5) ) .
Lemma 3. 4, There is an algebraic subgroup H^=T, H= C*, ivJiose fixed point set coincides uuith F.
Proof. Let F^TxXxX be the graph of the given action ff:TxX -»X". Let f: F-^XxX be the natural projection and /i: F A -^A the restriction of f to the diagonal A^XxX. Then the fiber of/i over (x,x) eJ is the stabilizer T x of x (regarding it naturally as a subgroup of T) . In fact by f l9 F A is a group variety over A with fibers T x . Note that since the action is meromorphic, T x are all algebraic subgroups of T (cf. [9, Lemma 2. 4]). Then take a finite descending sequence A = A 0 2'" 2-^s of analytic subsets of A such that for each z", A^ -A i^l is connected and the fibers of /i over A t -A i+1 have the same dimension so that the restriction of f^ to the identity component of T A over A.^ -A^x is smooth. Then since any smooth deformation of algebraic subgroups of an algebraic torus is trivial, the identity component T xQ of T x is one and the same subgroup of T for all x^.Ai -A i+l . This implies that there are only a finite number of subgroups, say, H l9 -" 9 H m9 of T such that H i = T xQ foT some x^X. We may suppose that Hj = T. Then we can find a one dimensional connected algebraic group H of G which is not contained in any of H iy i^2. Then clearly Fix(H) -F, and £T=C*.
Before proving the theorem we give the following remark. Let {X a } be any meromorphic decomposition of a compact complex space -X". 
Combining this with the inequality of Conner (Corollary 1. 7 for the vector field generating the C* action) we see at once that this must be an equality, and hence so must be (2) . Thus the spectral sequence (*)
degenerates. Then by Lemmas 3. 1 and 3. 2 we get that
In Theorem 3. 3 the integers A a are determined each time we take an algebraic 1 -parameter subgroup of T i.e. a rational homomorphism h: C* -»T'. We shall state this dependence of A a on h more explicitly. We need some notation.
Let T be in general an algebraic torus (over C) of dimension Let £ (resp. *p) be the set of rational characters (resp. algebraic 1-parameter subgroups) of T. The}^ have the natural structure of free Zmodules of rank k and there is a natural bilinear pairing <( , ^>:3£X^p ->Z; if we fix an isomorphism T= C* (^) X ••• X C* (t^) , then %G x (resp. h Proof of Theorem. By Lemma 1. 4 and Theorem 3. 3, up to the choices of A a it is enough to show that every biholomorphic action of (C*) k on X is meromorphic if F=^=0. Indeed, this is a special case of a theorem of Sommese [15] (cf. also [9, Proposition 6. 10]). As for /l a , assuming that the action is effective as we may, by the above remark we may take A a = ^a(V) by taking h^^> in the above proof from the connected component to which <p(V) belongs. One sees readily that these A a coincide with those used by Frankel in [8] (see also [12,111.10] ). Q.E.D.
We end this paper with the following more or less wellknown:
Example. Let G be a connected semisimple algebraic group (over C), B a Borel subgroup of G and T a maximal torus of G contained in B. Let T act on the homogeneous space X=G/B on the left and F be the set of fixed points of this action. Let N (T) be the normalizer of T in G and W=N(T)/T the Weyl group of G with respect to T. Fix a representative {w a } a =i,..., TO We shall now interprete the right hand side in terms of the Weyl group. Thus we have the following formula:
The result is classical and due to Chevalley, Bott, and Borel and Hirzebruch (cf. [5, 24. 4] . See also [8, p. 7] 
